The phase space of an area-preserving map typically contains infinitely many elliptic islands embedded in a chaotic sea. Orbits near the boundary of a chaotic region have been observed to stick for long times, strongly influencing their transport properties. The boundary is composed of invariant circles, called "boundary circles." We investigate the distribution of rotation numbers of boundary circles for the Hénon quadratic map and show that the probability of occurrence of small elements of their continued fraction expansions is larger than would be expected for a number chosen at random. However, large elements occur with probabilities distributed proportionally to the random case. These results have implications for models of transport in mixed phase space.
In almost all systems governed by classical mechanics, the phase space consists of a complex mixture of both regular and chaotic orbits [1] [2] [3] . Such dynamics, as depicted in Fig. 1 , is characterized by structures on all scales. One of the most surprising consequences of this fractal structure is that a chaotic orbit will tend to "stick" to its boundary for long times [4] [5] [6] [7] [8] [9] [10] [11] . This occurs even though a long-time average is ergodic, covering equal areas in equal times [12] . The sticking leads to an observed algebraic decay of correlation functions, Poincaré recurrences and survival times [13] [14] [15] .
For the case of two degrees of freedom or equivalently, by Poincaré section, of area-preserving maps, the boundary of a chaotic region consists of infinitely many invariant circles. It is important to note that the existence of such separating circles is a generic property of smooth two-dimensional, area-preserving maps with elliptic orbits according to KAM theory [3] . These boundary circles are surrounded by leaky partial barriers, called cantori [5] . The flux of chaotic orbits through the cantori limits to zero at a boundary, explaining the observed stickiness [8] . The bottom right panel of Fig. 1 shows a resonance region surrounding a stable (elliptic) fixed point. The broken separatrix of an unstable (hyperbolic) fixed point gives rise to chaos through the famous Smale horseshoe mechanism. There is a trapped region around the stable point bounded by the circle labeled BC. Outside this circle are layers associated with periodic orbits of increasing period. Each of the stable periodic orbits in a layer gives rise to a set of islands encircling the original island. One such island, with period 7, is enlarged in the lower left panel, and it too has a boundary circle, BC . This islands-around-islands structure is repeated on ever finer scales in repeated enlargements.
Characterization of boundary circles is the subject of the present letter. We will show that these circles are characterized by rotation numbers that have unusual continued fraction expansions, following on the pioneering study of Greene, MacKay and Stark (GMS) [16] . Although we focus on the main (class one [17] ) circles, the results apply also to boundary circles on finer scales, like the (class-two) circle BC in the figure, and can therefore be considered to be universal [18] .
A boundary circle separates an outer region, where orbits can escape from the resonance, from an inner region of orbits trapped near an elliptic orbit. Though a boundary circle is isolated from the outside, every interior neighborhood typically contains other invariant circles that also encircle the elliptic point. Nevertheless, between each pair of invariant circles there are chaotic layers, as well as periodic orbits. GMS showed that the rotation number of a typical boundary circle has unusual number theoretic properties. Recall that any real number ω has a continued continued fraction expansion
where m 0 ∈ Z and m i ∈ N [19] . When ω is irrational, this expansion is infinite, and a truncation after i terms gives a rational,
th convergent to ω. The convergents are alternately larger than and smaller than ω [19] . For a typical resonance, m 0 = 0 and the rotation number will be a decreasing function of distance from the elliptic fixed point, see the inset in Fig. 1 . Equation (1) GMS computed the coefficients m i for the rotation numbers of boundary circles and found that they differed from distribution that would occur if they were selected at random with uniform measure, namely, the GaussKuzmin (GK) distribution [19] ,
They conjectured, in contrast to (2) , that for the even (outer) coefficients only the elements m i = 1 and 2 occur, while for the odd (inner) coefficients only elements m i ≤ 5 occur.
To investigate this claim, we use Hénon's iconic areapreserving quadratic map [20] ; it is a one-parameter family that can be written in the form
We compute the rotation number of the boundary circles of the stable fixed point for a grid of 4000 K values covering the interval (−0.25, 0.75). The specific question that is addressed is: How is their distribution related to (2)?
The details of the algorithm will be presented elsewhere [18] . Our algorithm converged for 2667 boundary circles, and their rotation numbers are shown as a function of K in Fig. 2 . The algorithm fails in two intervals of K, the largest being (0.1920, 0.4033), due to bifurcations of the fixed point [18] .
FIG. 2: Rotation numbers for (3) as a function of K. The solid
curve shows the rotation number ω 0 of the elliptic fixed point, and the green points show the rotation number ω BC of the class-one boundary circle. The lowest points show the rotation number ω 2 of outermost convergents to the boundary circle; black symbols denote stable and red, unstable orbits.
We explore here the distribution of the continued fraction elements, m i , for the Hénon map (3) for a much larger sample and for longer continued fraction expansions than were computed by GMS. The empirical probability mass function, p BC (m), the frequency of occurrence of m ∈ N in the resulting list of coefficients m i , is shown in Fig. 3 . In the right panel of this figure, we eliminated the coefficients with i ≤ 4, as the first few coefficients may be expected to depend on the details of the map, while the deeper approximants should be more universal. Nevertheless, the distributions are of similar nature.
The separated distributions for the inner (odd i) and outer (even i) coefficients are shown in Fig. 4 . For the outer coefficients we find very few m i > 3; the largest is m = 8. Note that both of the distributions in Fig. 4 deviate from those of GMS. In particular it appears that the inner elements are unbounded.
In Fig. 3 and Fig. 4 the results are compared with the GK distribution (2) . Since the coefficients in the numerical results are bounded, m i ≤ m max , we compare them to a conditional GK distributionp GK (m) = p GK (m|m < m max ) = Cp GK (m). For our case C ≈ 1.05 [18] . Note that our results deviate significantly from the Gauss-Kuzmin distribution for small m, but that
i.e., for larger m, the distribution appears to be a fixed fraction of the Gauss-Kuzmin distribution. We find α = 0.32 ± 0.10 for the results of Fig. 3(a) and α = 0.39 ± 0.08 for Fig. 4 (a) while for Fig. 3 (b) one finds α = 0.21 ± 0.04. The last value is lower since the distribution of Fig. 3(b) is distorted by the elimination of the large values of m found for i ≤ 4.
We turn now to a heuristic explanation of our calculations. KAM theory implies that smooth, Diophantine invariant circles are structurally stable. The elements in the tail of the continued fraction for a given Diophantine number are bounded; however, the elements of a random selection of Diophantine numbers do not have a uniform bound. The outer coefficients correspond to periodic orbits on the chaotic side of the boundary circle: from this side the circle appears isolated. According to MacKay's renormalization theory [21] , an isolated circle should have a "noble" rotation number, i.e., the tail beyond some position i max in the continued fraction should consist of all 1's. Thus, following GMS, we expect that the outer (even i) coefficients will eventually have this property. Even the smaller i coefficients show the strong influence of the robustness of noble rotation numbers: m i = 1 occurs about 85% of the time. The inner coefficients should have no such restriction: the m i should satisfy the GK distribution. However, the small m i coefficients are still influenced by the nobility of the robust circles, and so their occurrence exceeds that predicted by (2) . Combining these ideas implies that distribution for the larger values of m should be a fixed fraction of the GK distribution, as (4).
In Fig. 3 and Fig. 4 the data are for the for boundary circle BC of the fixed point. If one uses data from finer scales like BC in Fig. 1 , the distributions are very similar to that in the figure [18] .
In Summary: We analyzed the distribution of the elements m i of the continued fraction for boundary circle rotation numbers and found, in contrast to the results of Greene, MacKay and Stark [16] , strong evidence that the inner coefficients (odd i) are unbounded. These distributions were contrasted to the Gauss-Kuzmin (2) distribution, which applies to a uniform distribution of irrational numbers. We found that the fraction of elements taking small values is larger than expected from Gauss-Kuzmin and conversely that large elements occur with smaller probability. Moreover we conjecture that for m sufficiently large, the distribution is a fixed fraction of that expected from (2) , and therefore that the continued fraction elements for the inner coefficients are unbounded. In a future paper, we will show the same property is true for different island hierarchies in the phase space as well as varying the parameter K for the map (3) [18] .
Our results imply that the distribution of transport rates, used in recent hierarchical theories of the stickiness of boundary circles [13] [14] [15] , should take into account this modification to the ratio of successive periods of island chains in the heirarchy, corresponding to the outer islands whose continued fractions have elements in the distribution shown in Fig. 4 . To compute transport, one also requires the distribution of fluxes through the cantori between the chaotic layers; we plan to report in this in the future [18] . 
